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Abstract

During the past several years, many methods for selecting the smoothing parameter
have been added in nonparametric kernel regression. The performance of newly
introduced selection methods differs quite a bit, but it is better to consider the recently
developed methods for the comparison. Due to the demand for automatic data-driven
bandwidth selectors for practical statistics, specifically with lifetime distributions, this
article provides a review to explain and compare these methods. We conducted an
extensive simulation study along with varied estimators and sample sizes to assess the
relative performance of the 20 selection methods. From MSEs of simulation, the
suitable selection criteria are provided for a suitable bandwidth selection for both
classical and plug-in categories. Also, we illustrated these methods with a real example,
where we concluded that GCV and Mallow’s Cp perform better with LOWESS
estimator.

Keywords: Nonparametric Regression, Kernels, Bandwidth, Lifetime distributions,
Comparison.

1 Introduction
In nonparametric statistics, especially in lifetime distributions, kernel estimators are
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important for smoothing and data analysis. The choice of the bandwidth parameter is
important because it affects the bias and variance of the estimator. Recent developments
have introduced a variety of bandwidth selection methods, including classical methods
and new data-driven methods that meet the requirements of automated and reliable
methods for useful calculations role.

Recent research emphasizes the importance of robust non-parametric regression and
efficient bandwidth selection. Cizek and Sadikoglu (2020) review robust non-parametric
regression, and emphasize robustness in the face of outliers. Ali, Hayawi, and Botani
(2023) propose methods for estimating bandwidth in Nadrai-Watson kernel regression
using universal threshold levels. Linton and Xiao (2019) focus on computational
efficiency under dynamic heterogeneous skedasticity, focusing on complex real-world
data.

New bandwidth selection criteria have also emerged. Smith, Li, and Zhang (2019)
propose new formulas for kernel density estimation, while Jones-Ma (2020) explores
machine-learning techniques to increase selection efficiency Chen and Fan (2021)
provide methods using data for local polynomial regression do, thereby improving
performance on a variety of data types.

Other developments include hybrid methods for bandwidth selection, demonstrated by
Zhao and Li (2022) to provide robust performance in kernel density calculations Garcia
and Fernandez (2023) compare different methods for lifetime data analysis, delivering
actionable insights. Putra Fadhalur Rahman (2023) discusses knots and bandwidth
optimization in territory weighted truncated spline regression using generalized cross-
validation. Lawrence, (1995) presents a good overview of many of these distributions and
include the exponential, logistic, log-logistic, gamma, lognormal, Weibull and Gumbel
distributions.

In nonparametric kernel regression selection of bandwidth is a critical issue that becomes
more serious due to lack of devices or guidelines for practitioners. Generally, in
bandwidth studies, the aim was typically to introduce a new method and compare its
performance with others, see e. g. Stute, (1992), Kokonendji (2007). There are hardly any
reviews available for nonparametric regression that compares the different existing
bandwidth selection procedures for continuous non-normal responses which belong to
exponential family of distributions. General reviews or comparisons can be found mostly
about bandwidth selection in nonparametric regression for normal responses; see
Rice(1984), Aydina (2016) and others. Some considered the non-normal responses, but
they focused only on discrete responses that belong to exponential family. For non-
normal responses, a vast literature is available for discrete data. In case of life time
distributions, particularly, Brown (2010), Cai and Zhou (2010), and Chen (2015) among
others.

As it can be examined, almost not any publication is available, where author considered
a continuous type of distributions as a response. Here we focused on lifetime distribution
responses, and select optimum bandwidth among 20 bandwidths for different sample
sizes. This study focuses on the kernel smoothing methods used in nonparametric kernel
regression.
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This paper is organized in five sections. The second section presents the kernel smoothing
methods for nonparametric regression. The section 3 discusses the classical and plug-in
type of methods for selecting the penalty parameter. Section 4 indicates the Monte Carlo
simulation experiments and real data example. Section 5 gives the conclusions and
recommendations.

2 Kernel Estimators
For nonparametric kernel regression model,
Y, =m(X;) + ¢, i=1,2,...,n @

where, X; is predictor variable, ¢; is independent error terms with zero mean and common
variance o2, and m is an unknown smooth function, Y; is response variable and follows
exponential, Gamma and Weibull distributions (which are member of exponential family
of distribution).

To estimate m(X;) given in (1), we focus only on Kernel estimators. Different Kernel
methods are available in literature. For this purpose, we used following weights to
estimate “m” of (1). We have

M) = Lizg wni()y:.
The function m(x) is called “linear smoother” for appropriately defined weights wp; (%),

usually with requirement that weights has a property that [w,;(X)| = 0 if |X; — x| = a,
(Bhattacharya & Miiller, 1993).

Boente and Fraiman (1989) studied the assumptions related to weights which are;

Assumption. The weight functions w,, satisfy these conditions

@) MmaXi<i<n Z?:lwni(x) =0(1)

(i) max;ciien X wni(x) = 0(n7?/?)

(i) maxicicn D=1 Wni ) I(|x; — x| > a,,) = 0(h,), where I(.) is an indicator
function, a,, satisfies lim sup,,_,,na3 < o, and h,, satisfies lim sup,_,nh3 <
o,

(iv)  tr(wiw,) = tr(w,) = 0(h™1), where tr(A) denotes the trace of a square
matrix A.

Assumption. The bandwidth parameter h satisfies nh®/,/(log(n)) - 0 and nh?/
(log (n))? > wasn — oo,

Stone (1977) studied the conditions for estimation consistency. He showed that 7 is
consistent (actually he showed that E|Y|" < oo implies E|7 (X) — m(X)|" — 0) if

1 X wri(¥)1gx,—x|>q3 — 0 in probability for all a > 0;

Y1 wpi(x) = 1 in probability

max wy;(x) — 0 in probability; here exist constants C, D > 0 such that

1<isn
EY™ . lwni(0)|f (X;) < CEf(X) for any non-negative Borel function f; and
P Iwn;(x)| < D) = 1foralln > 1.

If a weighting scheme is consistent, (1) and (3) are also necessary, and if it is nonnegative
and consistent, then (1), (2), (3) are necessary.

ok b

Different approaches which we will consider in this paper, to estimate wy;(x) are;
SMARC=
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Nardaraya-Watson (NW) Estimator (Nadaraya, 1964; Watson, 1964), K-Nearest
Neighbor (k-NN) Estimator Royall (1966), Priestley-Chao (PC) Estimator (Priestley and
Chao, (1972), Locally Weighted Regression and Smoothing Scatter Plots (LOESS)
Cleveland, (1979) and Gasser and Muller (GM) Estimator Gasser and Muller, (1984).

There is vast literature in which researchers focus on their performance, behavior and
properties. In which they enhanced the performance of these estimators. The asymptotic
properties of the estimators give us valuable insights into its performance. Chu and
Marron (1991) provided an extensive comparison and also discussed their merits.
Some others are; Cheng (1984) proved that k- nearest neighbor is uniformly consistent
with probability one. He also showed that its rate of convergence is also near-optimal.

The bias of local polynomial estimator decreases with h quadratically, that means that
small bandwidths h gives estimators with low bias, whereas large bandwidths provide
largely biased estimators. Similarly, the variance decreases as a factor of (nh)~?! this
is related to the so-called effective sample size nh. Cui and Wei (2013), Fan (2018)
established strong consistency (point-wise) under weaker conditions of the well-known
Nadaraya-Watson estimator. Such consistency provided a general approach for
constructing strongly consistent kernel estimates of regression functions and also permit
to apply kernels with unbounded support and even not integrable ones.

He (2019) showed the strong and complete consistency of Priestly- Chao estimator in
nonparametric regression model with their rates by using widely orthant dependent errors
under some general conditions. They showed that these rates can be approximate
at 0(n~1/%). Zhang (2022) studied the weak consistency for the Gasser and Milller (G-
M) kernel estimator (a weighted kernel estimator with integral form) in a nonparametric
regression model based on negatively associated random errors under some suitable
conditions. To establish the weak consistency of the estimator GM estimator they used
the following assumptions

® K € Lip(r,), for some r; > 0,which means that K is a Lipschitz function of order
Iy,

JZ Kdu =1, [* |K(u)ldu < o, and K(.) is bounded in RY;

g € Lip(r,), for some r, > 0;

h,—-0,8, > 0,asn—- o

T
hyt [(5"/hn) "t 8,‘;2] —>0asn—> o

Yriwp(x) > 1lasn—- o
Yiiwni()| £ Cforalln > 1
* Z?:llwni(x)lq - 0asn - ooforsomel <q< 2.

2.1 Bandwidth Selection

In literature, various methods of bandwidth are featured. Basically bandwidth selection

methods can be categorized in two different categories; Classical and Plug-in Hardle,

(1990), Jones (1995), Sheather and Jones (1991). The ideal value of h, minimized the

mean integrated square error is;
1

_ RK) |5
hamise = [nR(f”)(fxzk)Z] ) (2)
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Where R(K) = IR K (x)?dx, the function R(f'"") measures the total curvature of f. We

have implemented 21 bandwidth selection methods in our study and seek for the optimal
method that minimizes averaged mean integrated square error (AMISE). The details
regarding classical and plug-in bandwidth methods are given in following sections;

2.2 Classical Bandwidths

In this category, different methods are included, which are mentioned in Table 1

with their notations and references. These are more or less natural extensions of methods

used in parametric modeling.
Table 1: Classical Bandwidths

# h Description References
1 Normal Scale Rule 1 Silverman
(NSR) h=1.060(n)" s (1986)
. Bowman
Unbiased Cross R(K™) (-1r & XX '
- ) = @ 4 KO _ pged A=t (1984),
2 Validation uevn) = — o + n(n— 1)h2r+lz _ Z _(K * K = 2K () Rudemo,
(UBCV) i=1 j=1;)%i (1982)
R(K(r)) 1 Scott and
BCV1(h;r) = thl +—= ,uz (K)h +z(h) Terrell,
3 Biased Cross (1987)
Validation (BCV) R(K (r)) 1 Jones and
r) — Lya) Kappenman,
BCV 2(hir) == -t + 2 iy 2(K)h*g,.,(h) gpenm
Maximum
Likelihood Cross L n R Habb
Validation MLCV(h)=n" | f . abbema
4 n X
(MLCV) C ( ) ,Z_ll Og[ h,l( )] (1974)
(r)
5 Modified Cross MCV(h' I’) _ R(K ' ) ( 1) Z Z (r) xi Stute,
Validation (MCV) ! nh2'* n(n 1)h2r+1 = 5 (1992)
One-sided Cross n 2
S 1 : Savchuk
6 Validation 0SCV(b) = —— (r5'x) - V)
(0ScV) n- mi_; b (2013)
Indirect Cross 1 Savchuk
" Validation (ICV) 1CVeeb) == f_ d’( )fb (“)d“__z ( )fb -i(X0) (2013)
Smooth Cross ScV(h) = (nh)*R(K) + ISB(h)
8 Validation (SCV) Hall (1992)
9 Generalized Cross GCV(h) = _ RSS Craven and
o w(0) Wahba,
Validation (GCV) n(1——p)? (1978)
10 Complete Cross Ccv(h.r):R(f‘m)_g(h)Jrl 1,(K)h?g, (h)+—(6 12 (K)—8(K)h*a._,(h) K;on:z;r;i
Validation (CCV) ' n )T O AT B #o 2 ‘(’fggz) '
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6 Khan et al.
R(K(r)) =" -Ai
) = O] 1
1 Trimmed Cross TCV(h;r) = nh2r+1 n(n — 1)h2r+1 Z z TR lif)lrli)cnhagrlzid
. . i=1 1;j#i
Validation (TCV) J=L (1992)
Akaike n .
12 Information AIC(B) = Z D (Yi,é(xi)) +2v, Akaike
L. (1974)
Criterion (AIC) i=1
Akaike s
Information IS, Dyl 2{tr(Sy)+1} Hurvich
13 Criterion AlCc(h)=log ln i n-tr(S)-2 (1998)

Corrected (AICC)

2.3 Plug in Bandwidths

In this category, estimate of f which is mostly approximated through Taylor series

expansions is written as a function of unknown f. this pilot estimate of f is then "plugged

in" to estimate mean integrated squared error.
Table 2: Plug-in Bandwidths

# h Description Referen
ces
Bandwidth of n Gasser
1 Gasser, etal. CV(b) = Z V(t) (R (i b) — Y2 (t; — t_y)
(GKK) e
Mallow Cp w(0) Mallows
2 (Mallow) RR(h) = RSS, —no? + 202 5 (1973)
I 1
Bootstrap SEpoor(1) = 5 [ 19O Pl (/)] 2dt
without 10 2 (Wan &
3 - —= | |#xg®] @r(ht)dt Wang,
Sampling T 2011)
(bWOs) —
. B (Wang &
Bootstrap with — 1 * —* 2
4 - Var(f,(x;h)) =B z f(fn]- (x;h) — f;(x h))? dx Wang,
Sampling (bWs) = 2011)
Bandwidth of ~ (Altman
5 Altman and hopt = (0.25V,/B3)/3n~1/3 & Leger,
Leger (AL) 1995)
Rice’ T RSS(h) tr(Sh) Rice
6 Criterion (Rice) RT(h) = / ) (1984)
, Direct Plug-n . R(K) 1/s (Sheather &
(DPI) hppi, = (020, (g )n Jones, 1991

2.4 Finite Sample Performance and Comparison

A fair comparison requires a reasonable number of bandwidths, sample sizes and different
estimators. This study established the performance of above-mentioned bandwidths with
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most frequent used kernel estimators based on Gaussian kernel, which is

1

. 1 T2
Gaussian Kernel = ——ez —0 < x <
V2T

We have used three life time distributions one after another in (1), i.e. Exponential
distributions, Gamma distribution and Weibull distribution as responses. We consider
x;~U (—=1,1) and g;~N (0, 1). For sample sizes n = 25, 50, 100, 200, 300, 500, with 500
replications.

Specifically, we set Y;~ (Exp (1), Gamma(1.5502,91.1034), Weibull(76.318,1.4).
2.5 Empirical Evaluations for Classical
For each simulated data set used in the experiments, the mean square error (MSE)

values were used in order to evaluate the performance of bandwidth with estimators.

SMARCE: .,
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Figure 1: Classical Bandwidth Performance for Different Estimators (Exp)
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Figure 2: Classical Bandwidth Performance for Different Estimators (Gamma)
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Figure 3: Classical Bandwidth Performance for Different Estimators (Weibull)

Numerical findings of our work have been summarized in the graphs. For all life time
distributions (under consideration) MSEs of NW, are minimum comparatively others and
they over smooth in all cases. For LOESS, the MSE indicate for increasing sample size,
i.e., the bigger the n, the more they tend to under smooth. PC and GM performs very poor
in MSE context. By use of PC all bandwidths over smooth for large sample sizes.

In Figure 1-3, for all responses, NW provided the smallest MSE but empirical
performance of NW is not consistent; their MSEs increases as sample size increases.
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Performance of no single bandwidth is better in all sample sizes. According to the results,
in Figure 1-3, for LOESS and NN, on the whole GCV had the best empirical performance
for all sample sizes. Particularly, performance of AICC is same as GCV for large sample
size when LOESS is used. It is indicated that PC and GM provided better MSE with
different bandwidths but with life time distributions their performance is underprivileged.

2.6 Empirical Evaluations for Plug-In

We will now summarize the performance for Plug-in bandwidths according to MSEs.
Overall, we are providing here the comparison of the methods along different estimators
over lifetime distributions. For each of above mentioned four estimators, we show the
MSEs for all sample sizes, i.e., for n = 25, 50, 100, 200, 300 and 500. In order to examine
the most important results, NW estimator provides smallest MSEs, but here too; results
are increasing with increase of sample size.

Empirical performance of NW estimator is better with Altman and Leger plug-in
bandwidth then the rest of bandwidth selection methods. From Figure 4-6 it is evident
that Mallow’s C, performs very well for all type of sample sizes with LOESS and NN
estimator. It is important to note that for small sample size (n = 25, 50) performance of
GKK is quite similar to Mallow’s C, for both cases (LOESS and NN). In case of PC, with
all responses Rice’ T bandwidth performs well, compared with all other candidates. By
using GM estimator, with lifetime distributions, we showed that GKK performs better for
small sample sizes but in case of large sample size, MSE’s derived by Bootstrap
bandwidth (without sampling) are smallest among other bandwidths.

2.7 Real Data Example

In this subsection, we present the behavior of different bandwidths for NW, LOESS and
NN. PC and GM are omitted due to poor performance. Data is adopted from ReliaSoft
(2015), 14 units are used. Here, y; are responses (time) and strongly follow exponential
distribution then the other lifetime distributions, which can be examined by

Table 3: Identification of Response Distribution

Exponential Gamma Weibull
Kolmogorov-
Smirnov 0.14453390 0.10034541 0.09755905
statistic
Anderson- 0.54047811 0.16375630  0.16096807
Darling statistic
Akaike's
Information 136.5865 135.8744 135.5197
Criterion
Bayesian
Information 137.2256 137.1526 136.7978
Criterion
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Figure 6: Plug-in Bandwidth Performance for Different Estimators (Weibull)

Generally, results of NW, LOESS and NN verified our simulation results. In which,
MSEs calculated by NW estimator are smallest than others but not consistent
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Table 4: MSE of Real Data Example

Kernel
Bandwidths Estimators
NW NN LOESS
ROT 92.57 38.67 3350.84
UBCV 88.48 38.26 3350.84
BCV 380.58 50.41 3999.03
MLCV 121.61 41.19 3347.15
MCV 380.57 50.41 3999.03
oscv 0.04 52.94 3400.00
SCV 60.25 34.85 3376.34
ICV 109.62 40.23 3347.15
GCV 842.97 54.96 3999.03
ccv 18.75 27.22 3292.86
TCV 88.48 38.26 3350.84
AlC 192.97 45.32 3670.84
AICC 0.001 26.87 3400.00
DPI 46.20 32.70 3309.76
Altman and 78.74 37.20 3350.84
Leger
GKK 610.20 53.19 3999.03
Mallow 873.35 55.15 3999.03
bWs 69.67 36.11 3376.34
bWOs 142.41 42.63 3346.39
Rice 45.14 31.95 3233.78

3 Conclusion

The problem of choosing an optimum smoothing parameter is as old as the nonparametric
estimation. It is a modern data analytic method with its expertise in capturing the local
humps and valley in the distributions or regression functions. Kernel regression is
becoming a famous implementation procedure for explorative empirical research and can
be found in statistical, mathematical and econometric software packages, but selecting
the bandwidth is still the main difficulty for researchers and no bandwidth comes with an
undertaking that it will work satisfactorily in all situations.
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A sensible data analytic strategy is that of obtaining estimates for a variety of bandwidths
and this article is trying to present an inspection, comparison and guiding principle for
kernel regression with lifetime distributions. Although it is true that, especially for large
and huge data sets, Spline estimation is much more common, but this method has some
disadvantages, that it can be used only for continuous predictors and is limited to only
one predictor and locally weighted smoothing etc. Presumably, we are the earliest to offer
such a widespread review and comparison study for selection of bandwidth methods in
the context of kernel regression with non-normal responses. We have discussed,
implemented and compared 20 bandwidth methods, with 5 kernel estimators.

The probably appealing results are summarized in the section of simulation. Where we
could examine which methods behave quite better, although no selection method
performed uniformly best. For Classical bandwidths category, GCV bandwidth performs
well for different sample sizes and in category of plug-in, Altman and Leger bandwidth
is the best selection criterion. While using NN estimator, GCV and Mallow’s C, are also
best criteria for all sample sizes. In case of GM estimator, MSEs are largest as compared
to other estimator results. No common bandwidth performs best for all sample sizes.

The performance of LOWESS is better than NN, NW, PC and GM on the basis of MSE
with all responses. LOWESS obtained the consistent regression errors. For all sample
sizes, GCV and Mallow’s C, are best methods from classical and Plug-In categories,
respectively. NW estimator provides smallest MSE for all type of bandwidths but their
results are not consistent. In this case, according to the above results, we can make the
following suggestions: In case when life time distribution(s) is presented as a response, it
is resultant that LOESS estimator with GCV (in case, when Classical type of bandwidths
has to use) and Mallow’s C, (in case, when Plug-In type of bandwidths have to use)
criterion, because of its superior empirical performance; otherwise the close competitor
is AICC, because it perform similar to GCV for large sample sizes.
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